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THE ANSWER IS CORRECT BUT CAN r EXPLAIN IT? 
STUDENT EXPLANATIONS IN MATHEMATICS 
Brian Dolg anti Susie Groves ~ 
Abstract 
This paper explores an aspect of mathematics that has been overlooked otten -
student explanation, or communication. The data used is derived from a large-scale 
project in Victoria. Australia, the Improving Middle Years Mathematics and Science 
<1F Deakin University, Australia; email: badoig@deakin.edu.au.grovesac@deakin.edu.au. 
(IMYMS) project. Primary student explanations on two open-response items are 
examined to illustrate the bene tits of incorporating this type of item in mathematical 
assessments. Techniques for analysing the data and displaying the results of the 
analysis are presented. The analysis shows clearly how more sophisticated thinking 
and explanations develop - information of benefit to teachers of these students. 
~. 
Introduction 
Setting problems for students to solve has a long history in school mathematics, 
although the style and types of problems have varied over time. For example, 
the Australian Council for Educational Research gave this example of a typical 
text-book problem in 1952: 
One man's pace is 2/t., and another's 3 ft. lfthey sef off walking together in step, 
how far will they walk before they are in step again? (The Australian Council for 
Educational Research, 1952, p. 6) 
Although Polya's (1957) influential problem solving book was published half a 
century ago, little changed until the Assessment of Performance Unit (APU) in 
the United Kingdom began its seminal work (Ruddock, 1983). In Australia, it 
was not until the publication of the National Statement on Mathematics for 
Australian Schools (Australian Education Council, 1984) that problem solving 
and communicating mathematics were firmly set into school mathematics 
curriculum documents. In the United States, the publication of the National 
Council of Teachers of Mathematics Standards (for example, National Council 
of Teachers of Mathematics, 1985) focused attention on problem solving and 
lvfathematics as communication (p. v) as two of the unifying themes. 
At this time the assessment of students' problem solving capabilities was 
boosted by the publication of the Collis-Romberg Mathematical Problem 
Solving Profiles (Collis & Romberg. 1992) and Profiles of Problem SolVing 
(POPS) (Stacey, Groves, Bourke, & Doig, 1993). A common feature of these 
two assessment tools was the role of explanation or communication. According 
to Stacey and her colleagues 'The requirement that students write an explanation 
of their answers is one of the features which sets POPS apart from conventional 
assessments of mathematical skills' (p. 49) and the reason for its inclusion was 
that Collis and Romberg had suggested that 'because communication is seen as 
an important skill in itself and because it is an indicator of cognitive 
development' (Stacey et aI., 1993, p. 49). However, while developing POPS, the 
authors noted that explanation was a difficult task for students: 'Perhaps the 
reason that Quality of Explanation had, by far, the lowest percentage score of 
the problem-solving categories is that its non·essential nature results in it 
receiving little attention in the mathem·atics classroom' (p. 62). 
But this 'non-essential nature' was not to remain so. By the time that the Third 
International Mathematics and Science Study (TIMSS) (International 
Association for the Eva1uation of Educational Achievement, 1997) was 
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underway in 1995, it was 'the first international assessment of student 
achievement in mathematics to make use of a large number of constructed 
response items in measuring and reporting student performance' (Dossey, Jones, 
& Martin, 2002, p. 2]). The TIMSS used a two-digit coding scheme, the so-
called Viking Rubrics, to capture the richness of student understanding exhibited 
through their explanations. This practice has continued in lEA studies, and has 
been extended more recently in the DECO PlSA study of problem solving 
(Organisation for Economic Co-operation and Development, 2004). 
in Australia the Australian Research Council funded large-scale project, the 
Improving Middle Years Mathematics and Science2 project (IMYMS), has 
continued this pattern. Included in the IMYMS written assessments in 
mathematics, was a sub-set of open-ended items focused on thinking and 
communicating mathematically. Some of these items are the focus of this paper. 
,Data sources 
Students from Years 5 and 6, all participants in the IMYMS project, were 
assessed using a series of surveys (Doig & Groves, 2005) and written 
assessments, the latter of which had a set of common items for equating 
purposes (see Kolen, 1999, for details of equating methodologies). This strategy 
resulted in a pool of some 1000 responses to the items. Many of the items used 
in the IMYMS mathematics written and performance assessments were adopted 
or adapted from the Trends in Mathematics and Science (TIMSS) studies (see, 
for example, International Association for the Evaluation of Educational 
Achievement, 1997). Two of the open-ended, or free-response, items were 
selected for detailed examination for this paper. The items were the matchstick 
problem and the llvo odds make an even problem shown later. 
Data analysis 
Categorization procedures were used to analyze the students' written responses. 
A detailed description of this process can be found in Doig, Adams, and Rosier 
(I993). Briefly, each response is placed into a discrete, qualitatively different, 
category with other, similar responses. This similarity is judged on the meaning 
of the response, rather than the language used, with spelling and grammar 
ignored in this process. The categorization continues, iteratively, with more, or 
fewer, categories created during the process. Eventually, all responses are placed 
into discrete categories. It is important to note that no categories are pre-
determined, but are a product of the responses themselves. 
2 Improving Middle Years Mathematics and Science: The role of subject cultures in school 
and teacher change (lMYMS) was funded by an Australian Research Council Linkage Grant, 
with Industry Partner the Victorian Department of Education and Training. The Chief 
Investigators were Russell Tytler, Susie Groves and Annette Gough. 
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Results 
The results of the analysis of student responses are presented in two parts. In the 
first part, examples of responses in each category are presented and discussed. 
These examples are drawn randomly from students in the project, and represent 
the variety of responses made on the two items described. 
In the second part, the results for both items are. represented on a continuum of 
increasing sophistication of student explanation. This continuum is described 
graphically. 
Item 1: The matchstick problem 
Stage 1 Stage 2 Stage 3 
If the pattern is continued, how many matchsticks would be needed to make 
Stage 4? 
How many matchsticks would be needed for Stage 7? 
Explain a way you could use to find the number of matchsticks needed for 
Stage 50 without drawing it and counting. 
The student responses to the last part of this item formed six distinct categories: 
these are ranked in order below, with responses in Category A being the most 
sophisticated. 
Category A responses 
• A way you could use is to start at stage one and then multiply 49 by 3. 
• 50 x 3 = 150 and 150 + 3 = 153 
• Times 3 by 50 and add 3 on to it. 
• To make stage 50 you would need 153 matchsticks because all you have to 
do is times it by three and plus 3. 
• You multiply the number of the stage by three then add 3. 
• Times by 3 then add 2 for point, then one more for the extra square. 
• You have to times 3 by 50 (easier to times 50 by 3). You get an answer of 
ISO then add another 3 for the triangle at the top. 
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This category of response is characterized by explanations that suggest early 
algebraic thinking. However, as the examples above show, they also indicate 
that there are at least two different levels of completeness of the explanation. 
The first five examples do not suggest precisely where the extra '3' is to be 
added: it is not clear whether a triangle is being added at the extreme right after 
multiplying a 'C-shape' of three matches, although this seems likely. On the 
other hand, the last two examples describe clearly where the 'extra' three 
matchsticks are to be placed (3 for a triangle or 2 for a point and one more to 
complete the right-most square). Note that the term 'times' is used commonly in 
Victorian schools to indicate multiplication. 
Category B responses 
• You need to add 3 every time you go on to another stage. So 3 x 43 = 129 
and 20 + 129 = 149 
• . To work out stage 50 you would have to keep on adding 3 matchsticks to 
stage 4 46 times. 
• For every stage you add on 3 more matchsticks: so by stage 50 you'd have 
to use 153 matchsticks. 
These responses are characterized by a strong dependence on earlier responses, a 
focus on extending the first two parts of this item. The first of the examples is 
based on adding to stage 7, which i-s indicated by the use of the 'remaining' 43 
stages. Although the student has incorrectly used 20 for stage 7 (and only added 
20) the strategy works quite well, and is, in fact, the same as the other examples. 
There is no suggestion that one could start from stage one, as is the case with 
Category A responses. Further, a significant difference between Category A and 
B responses is evident in the use of the more sophisticated mathematical 
operation in Category A (multiplication) to that used in Category B (addition). 
Category C responses 
• You could figure out how many matchsticks you need to make stage 50 by 
just adding 3 more matchsticks every time until you get to 50 
The explanations in Category C do not indicate a general solution, but rather a 
trial and error strategy. This strategy is one often recommended in problem 
solving lessons and texts. However, while providing an answer to one problem, 
it does not lead to thinking about a generalized solution. 
Category D responses 
• In Stage 50 you would have 50 squares and one triangle. The triangle has 
2 so add them. 
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The intention of re,$ponses in this category appears to be that one must multiply 
the number of individual squares by 4 and then add two matchsticks for the 
triangle, This could stem from an end-of-pattern focus, which is on the last 
(square) element of the pattern. This leads the student to miss the use of one 
match per stage by two adjacent squares. 
Category E responses 
• You could add on the number of the stage plus two. 
• Go around to other classes and ask for matchsticks. 
• No I didn't find a way to find out stage 50. 
Responses in this category show common-sense thinking, rather than 
mathematical thinking, although, as in the case of the first example, some 
responses use numbers, or number operations. Also in this non-mathematical 
category are responses that show little evidence of an attempt to solve the 
problem. 
Category F responses 
Responses in this category are blank or un-interpretable. 
Item 2: The two odds make an even item 
The following diagram represents the first seven positive whole numbers. 
1 2 34567 
* * ** ** *** *** **** 
* * ** *,,: *** *** 
lack said that if you add two 000 numbers the total will ALWAYS be an 
EVEN number. 
Is Jack correct? 
How do you know? 
As before, the student responses for the item were placed in distinct categories: 
these are ranked below in order, with A as the most sophisticated response 
category. There were five categories in all. 
Category A responses 
• You take I off one odd number and add it to the other odd number and 
that leaves you with two even numbers. Add them together and you get an 
even number. 
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• Because if it is odd there will be one left over and if you have two odd 
numbers there will be two left out so it will be even: each total an even 
number. 
Responses in this category show a strong visual basis for the explanation. 
The use of visual number patterns as a means of demonstrating a fact is typical 
of 'prooP at this level of schooling. 
Category B responses 
• You can try for hours and hours but you will never succeed. 
The responses in this category use 'many demonstrations as proof~ but lack any 
explanation for why 'you will never succeed'. 
Category C responses 
• If you slot two numbers together it makes a pattern. 
• Because I used the diagram numbers to figure it out. 
• Because I added it up. 
• Because it is a maths rule. 
The responses in this category are statements of fact, but provide no real 
explanation about why two odd numbers make an even number. 
Category D responses 
• An odd number always has one number that is left out so if you add 2 
together the two numbers that are left out will join into a pair. This creates 
an even number. 
The explanations in this category are unclear. They are not totally un-
interpretable, but it is difficult to make out precisely what is meant. In the 
example, it is not clear what is the even number: is it the pair of 'ones'? 
C ate gory E responses 
Responses in this category are blank or un-interpretable. 
Extending results 
While the individual item categories of explanation are informative, to be of use 
within a classroom setting, teachers need a sense of what all the item results 
could, as a set, provide as a basis for further teaching. In order to provide this 
over,..arching view, a Partial Credit analysis (Masters, ] 982) was performed. The 
resulting item map is shown in Figure 1. Each X to the left of the central scale 
represents 12 students. The categories for each item are placed to the right of the 
central scale, at their scaled position, with adjacent short descriptions. 
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The most sophisticated category of explanation is sophisticated multiplicative 
strategies for solving the matchstick problem, and the least sophisticated simple 
assertions (excluding misreading the qu~stion). 
Distances on the scale between categories represent the differences in ability 
required to make explanations in a specific category: for example, it takes less 
increase in mathematical ability to move from 1 D to 2B than to move from 28 
to Ie. 
2.0 
1.0 
.0 
-1. 0 
-2.0 
x lA multiplication is the strategy 
xxxx 
X 2A visual basis 
xxxx 
xxxxxxxx 
xxxx 
X 
xxxxxx 
xxxxxxxxxx 
XXXXXXXXXXXXXXXXXXXXX 
xxxxxxx 
1B addition is the strategy 
lC demonstrations used as proof 
2B trial and error strategy 
1D statements of fact only 
1C unclear meaning 
2C mis-reads the pattern 
Figure J: The Item Map for students' explanations for two problems 
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Conclusions 
The use of open-ended assessment items that demand explanations by students 
has become widespread in international assessment projects. In curriculum 
documents, the last few decades have seen an emphasis on explanation as a 
normal part of mathematics. The IMYMS project is exploring the level of 
achievement in this aspect of mathematics across a range of schools, and the two 
items used as examples in this paper demonstrate the richness of information 
provided by this sort of open-response item. Clearly, a similar analysis of all the 
open-response items used by IMYMS would flesh out the item map and provide 
a description of a learning trajectory for explanation, which also have the 
property of distance indicating achievement. These distances give teachers an 
idea of the difficulty for students to advance from lower categories of 
explanation to higher categories. 
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